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The Total Coloring Conjecture, in short, TCC, says that every simple graph is (∆ + 2)-
totally-colorable where∆ is themaximum degree of the graph. Even for planar graphs this
conjecture has not been completely settled yet. However, every planar graph with ∆ ≥ 9
has been proved to be (∆+1)-totally-colorable. In this paper, we prove that planar graphs
with maximum degree 8 and without adjacent triangles are 9-totally-colorable.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Graphs considered here are finite, simple and undirected. Undefined terminology and notation in this paper can be found
in [2]. Let G = (V , E) be a graph with the sets of vertices and edges V and E, respectively, and ∆, the maximum degree of
G. A k-total-coloring of G is a mapping φ: V ∪ E → {1, 2, . . . , k} such that φ(x) 6= φ(y) for any two adjacent or incident
elements x, y ∈ V ∪ E. The total chromatic number of G, denoted by χ ′′(G), is the smallest integer k such that G has a k-total-
coloring. Obviously, χ ′′(G) > ∆+ 1. Vizing [11] and Behzad [1] independently conjectured that, for every (simple) graph G,
χ ′′(G) 6 ∆+ 2. This conjecture was known as Total Coloring Conjecture, in short, TCC.
TCC was extensively researched in the literature. Even for planar graphs, TCC remains open, see [13]. However, planar
graphs with ∆ ≥ 9 have now been proved to be (∆ + 1)-totally-colorable, namely, χ ′′(G) = ∆ + 1, i.e., the exact result
has been obtained, see [3,12,7]. As far as we know, planar graphs with 4 ≤ ∆ ≤ 8 not to be (∆ + 1)-totally-colorable
have not been found yet. It is interesting and challenging to prove or disprove that planar graphs with 4 ≤ ∆ ≤ 8 are
(∆+ 1)-totally-colorable. For related known results on this topic we refer the reader to [4–6,8–10]. In this paper, we shall
prove:
Theorem 1. Planar graphs with maximum degree 8 and without adjacent triangles are 9-totally-colorable.
2. Structures
Call a graph planar if it can be embedded into the plane such that its edges only meet at their ends. Any such a particular
embedding of a planar graph is called a plane graph.
Suppose to the contrary that Theorem 1 is not true. Let G = (V , E) be a counterexample to Theorem 1 with σ(G) =
|V | + |E| as small as possible. Embed G into the plane such that edges of G only meet at their ends and the set of faces of G is
denoted by F . This section is devoted to investigating some structure properties of G, which will be used in the next section
to derive the desired contradiction completing our proof. The proof of Lemmas 2–4 below can be found in [3].
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Fig. 1. Forbidden configurations in G.
Lemma 2. G is 2-connected. Henceforth, δ, the minimum degree of G, is at least 2, and the boundary of every face of G is a cycle.
Call v ∈ V a k-vertex if d(v), the degree of v, is equal to k. Similarly, call v a k+- or k−-vertex if d(v) is at least or at most
k, respectively.
Lemma 3. Let uv ∈ E. If d(u) 6 4, then d(u) + d(v) ≥ ∆ + 2 = 10. As a corollary, the neighbors of 2-, 3-, 4-vertices are 8-,
7+-, 6+-vertices, respectively.
Lemma 4. The subgraph of G induced by all edges joining 2-vertices to 8-vertices is a forest.
Lemma 5. G has no configurations depicted in Fig. 1(1)-(9) where the vertices marked by • have no other neighbors in G.
Proof. The proof that G has no configurations depicted in Fig. 1(1) and 1(9) can be found in [12] and no configurations in
Fig. 1(2)-(6) can be found in [8]. What follow prove that G has no configurations depicted in Fig. 1(7) and 1(8).
Suppose that G contains the configuration in Fig. 1(7). By the minimality of σ(G), G′ = G − vr has a 9-total-coloring
φ : V (G′) ∪ E(G′) −→ {1, 2, . . . , 9}. Erase the colors on r , s, t and w. Let S(u) be the set of colors used by φ on the
edges incident with u, and S(u) = S(u) ∪ {φ(u)}. If φ(rx) ∈ S(v), then the forbidden colors for vr is at most 8, i.e., vr can
be properly colored. By recoloring the erased vertices, we get a 9-total-coloring of G, a contradiction. So, we can assume
that φ(rx) 6∈ S(v). Without loss of generality, assume that S(v) = {1, 2, . . . , 8} with φ(vs) = 1, φ(vt) = 2, φ(uv) = 3,
φ(vw) = 4 and φ(rx) = 9. Furthermore, we can assume that φ(wz) = 9. Otherwise, we color vr with 4 and recolor vwwith
9, then G is 9-totally-colorable, a contradiction. Similarly, we can assume that φ(sy) = 9, φ(ut) = 9. Now, we can assume
φ(yt) = 3. If φ(yt) 6= 3, then swap the colors on uv and ut and color vr with 3. It follows that G is 9-totally-colorable, a
contradiction. Similarly, φ(sx) = 3. At this time, we first swap the colors on xr and xs, the colors on ys and yt , the colors
on uv and ut in order, then color vr with 4 and recolor vw with 3. It follows that G is 9-totally-colorable, a contradiction
showing that G has no configuration in Fig. 1(7).
Suppose thatG contains the configuration in Fig. 1(8). LetG′ = G−vx. By theminimality of σ(G),G′ has a 9-total-coloring
φ : V (G′) ∪ E(G′) −→ {1, 2, . . . , 9}. Erase the colors on t , u and x. If φ(xz) ∈ S(v), then the forbidden colors for vx is at
most 8, i.e., vx can be properly colored. By recoloring the erased vertices, we get a 9-total-coloring of G, a contradiction. So,
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we can assume that φ(xz) 6∈ S(v). Without loss of generality, assume that S(v) = {1, 2, . . . , 8}with φ(vs) = 1, φ(vt) = 2,
φ(uv) = 3, φ(vw) = 4 and φ(xz) = 9. Furthermore, we can assume that 9 ∈ S(t). If 9 6∈ S(t), color vx with 2 and recolor
vt with 9, then G is 9-totally-colorable, a contradiction. Similarly, 9 ∈ S(u). Now, if φ(yt) = 9, then φ(uw) = 9. Next, we
claim that φ(yu) = 4. Otherwise, after swapping the colors on uw and vw, vx can be colored with 4. It follows that G is
9-totally-colorable, a contradiction. Similarly, φ(st) = 4. At this time, we first swap the colors on vw and uw, the colors on
yu and yt , the colors on st and sv in order, then color vxwith 1. Hence, G is 9-totally-colorable, a contradiction. Assume that
φ(st) = 9 and φ(uw) = 9. We claim that φ(yt) = 1. Otherwise, swap the colors on sv and st . After coloring vx with 1, we
can get a 9-total-coloring of G, a contradiction. Similarly, φ(yu) = 4. At this time, we first swap the colors on yt and yu, the
colors on st and sv, then color vx with 1. Thus, G is 9-totally-colorable, a contradiction. Lastly, assume that φ(st) = 9 and
φ(yu) = 9. We claim that φ(yt) = 1 and φ(uw) = 1 as above. Then, after swapping the colors on st and sv, the colors on
yt and yu, the colors on uw and vw, we can color vxwith 4. It follows that G is 9-totally-colorable, a contradiction showing
that G has no configuration in Fig. 1(8). 
3. Discharging
We are going to derive the needed contradiction by a discharging procedure.
Firstly, Euler’s formula |V | − |E| + |F | = 2 can be easily rewritten as∑
v∈V
(2d(v)− 6)+
∑
f∈F
(d(f )− 6) = −12.
Next, we define the initial charge function ch on V ∪ F by letting ch(v) = 2d(v) − 6 for v ∈ V and ch(f ) = d(f ) − 6 for
f ∈ F . Then,∑
x∈V∪F
ch(x) = −12.
Since any discharging procedure preserves the total charge of G, if we can define suitable discharging rules to change the
initial charge function to the final charge function ch′ on V ∪ F such that ch′(x) > 0 for all x ∈ V ∪ F , then we get an obvious
contradiction 0 6
∑
x∈V∪F ch′(x) =
∑
x∈V∪F ch(x) = −12, which completes our proof.
Call a face f ∈ F a k-face, k+-face, or k−-face if the length of its boundary walk is equal to, at least or at most k,
respectively. A k-face with consecutive vertices v1, v2, . . . , vk along its boundary in some direction is often said to be a
(d(v1), d(v2), . . . , d(vk))-face.
Now, let us introduce the needed discharging rules as follows:
R1: Charge to a 2-vertex
Every 2-vertex gets 1 from its adjacent 8-vertices, see Lemma 3.
R2: Charge to a 3-face
R2.1. A 3-face incident with a 3−-vertex gets 32 from each of its two incident 7
+-vertices, see Lemma 3.
R2.2. A 3-face incident with a 4-vertex gets 12 from the 4-vertex;
5
4 , from each of its incident 6
+-vertices.
R2.3. A 3-face not incident with any 4−-vertex gets 1 from each of its incident vertices.
R3: Charge to a 4-face
R3.1. A 4-face incident with two 3−-vertices gets 1 from each of its two incident 7+-vertices, see Lemma 3.
R3.2. A 4-face incident with only one 3−-vertex u gets 34 from each of its two incident 7
+-vertices which are adjacent
to u; 12 , from the remaining incident 4
+-vertex.
R3.3. A 4-face not incident with any 3−-vertex gets 12 from each of its incident vertices.
R4: Charge to a 5-face
R4.1. A 5-face incident with two 3−-vertices gets 13 from each of its incident 7
+-vertices, see Lemma 3.
R4.2. A 5-face incident with only one 3−-vertex gets 14 from each of its incident 4
+-vertices.
R4.3. A 5-face not incident with any 3−-vertex gets 15 from each of its incident 4
+-vertices.
These rules are illustrated in Fig. 2. In particular, we have:
Remark 1. A 7+-vertex discharges charge
(a) 0 to its incident 6+-faces;
(b)6 13 to its incident 5-faces;
(c)6 1 to its incident 4-faces; Furthermore, 6 34 to its incident 4-face if the 4-face has at most one 3
−-vertex, see R3.2
and R3.3;
(d)6 32 to its incident 3-faces; Furthermore,6
5
4 to its incident 3-face if the 3-face is not incident with any 3
−-vertex, see
R2.2 and R2.3.
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Fig. 2. Discharging rules.
The rest of this paper is to check ch′(x) > 0 for all x ∈ V ∪ F . Firstly note that our discharging rules are just designed
such that ch′(f ) > 0 for all f ∈ F and ch′(v) > 0 for all 2-vertices v ∈ V . So, we only need to check that ch′(v) > 0 for
all 3+-vertices in G. Use t to denote the number of 3-faces incident with v. Note that t 6 b d(v)2 c since G has no adjacent
triangles. Call a 3-face T bad if it is incident with a 3−-vertex, namely, a (2, 8, 8)-face or a (3, 7+, 7+)-face, good otherwise.
If d(v) = 3, according to our discharging rules, no charge is discharged to or from v, that is, ch′(v) = ch(v) = 0.
If d(v) = 4, by our rules, v discharges at most 12 to each of its incident faces, that is, ch′(v) > ch(v)− 12 × 4 = 0.
Assume that d(v) = 5. Clearly, t 6 2. By our rules, v discharges at most 1 to each of its incident 3-faces, at most 12 to each
of its incident 4+-faces. Thus, ch′(v) > ch(v)− t × 1− (5− t)× 12 = 32 − 12 t > 12 .
Assume that d(v) = 6. Clearly, t 6 3. Note that v discharges at most 54 to each of its incident 3-faces, at most 12 to each
of its incident 4+-faces. Therefore, ch′(v) > ch(v)− t × 54 − (6− t)× 12 = 3− 34 t > 34 .
Let d(v) = 7. Note that t 6 3. If t 6 2, then by Remark 1, v discharges at most 32 to each of its incident 3-faces, at most 1
to each of its incident 4+-faces. Hence, ch′(v) > ch(v)− t × 32 − (7− t)× 1 = 1− 12 t > 0. If t = 3, then v is incident with
at most one bad 3-face by Lemma 5(1). By Remark 1 again, ch′(v) > ch(v)− 32 − 2× 54 − 4× 1 = 0.
Lastly, let d(v) = 8.
This is a complicated case. Before checking, we make some preparations. Use τ(v →) to denote the total charge
discharged from v, and n, the number of 2-vertices adjacent to v. A v-fan, in short, a fan, is a configuration that consists
of a number of faces around v in order. A fan is maximal if its starting edge, as well as its ending edge, is an (8, 2)-edge
and the other edges incident with v in the fan is not an (8, 2)-edge. (An (8, 2)-edge is an edge connecting one 8-vertex to a
2-vertex.) Call F a (k+1 , . . . , k
+
l )-fan if it ismaximal and consists of l faceswith degree at least k1, . . . , kl in order, respectively.
Remark 2. Let f be a face incident with v, and v has at least one adjacent 2-vertex not on f . Then f is a 6+-face if it has two
2-vertices adjacent to v, see Lemma 4 and Lemma 5(2); a 4+-face if it has just one 2-vertex adjacent to v, see Lemma 5(3).
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Remark 3. v discharges at most 2 × 34 to an incident (4+, 4+)-fan by Lemma 5(5); at most 1 + 2 × 34 to an incident
(4+, 4+, 4+)-fan by Lemma 5(6).
Note that we only need to show that τ(v →) 6 ch(v) = 10 for the purpose of checking ch′(v) ≥ 0. According to the
values of n, we complete this as follows.
Let n = 8. Note that v is incident with eight 6+-faces by Remark 2. Therefore, no charge is discharged from v to its
incident faces. By R1, τ(v→) = 8 < 10.
Let n = 7. Note that v is incident with at least six 6+-faces and not incident with any 3-face by Remark 2. Thus, by R1
and Remark 1, τ(v→) 6 7× 1+ 2× 1 = 9 < 10.
For 2 6 n 6 6, various possible distributions of the adjacent 2-vertices of v are illustrated in Fig. 3.
Let n = 6. Remark 2 tells us that there are at least four 6+-faces and at most one 3-face incident with v, see Fig. 3. More
precisely, if the case indicated in Fig. 3(1) occurs, then τ(v →) 6 6 × 1 + 5 × 0 + (2 × 1 + 32 ) = 192 < 10; otherwise,
τ(v→) 6 6× 1+ 4× 0+ 4× 1 = 10.
Let n = 5. In Fig. 3(1), t 6 1, τ(v →) 6 5 × 1 + 4 × 0 + (3 × 1 + 32 ) = 192 < 10. In Fig. 3(2) and Fig. 3(3), there is an
incident (4+, 4+)-fan at v. By Remark 3, τ(v→) 6 5× 1+ 3× 0+ 2× 34 + (2× 1+ 32 ) = 10. Lastly, in Fig. 3(4) and (5),
there are three incident (4+, 4+)-fans at v. Hence, τ(v→) 6 5× 1+ 2× 0+ 3× (2× 34 ) = 192 < 10.
Let n = 4. Arguing as above we have τ(v →) 6 4 × 1 + 3 × 0 + (3 × 1 + 2 × 32 ) = 10 in Fig. 3(1), τ(v →) 6
4×1+2×0+2× 34 + (3×1+ 32 ) = 10 in Fig. 3(2) and (4). In Fig. 3(3), t 6 2. If v is incident with a 3-face T , by Lemma 5(3),
T contains no 2-vertex. Let f1 and f2 be the two 4+-faces incident with v and adjacent to T . By Lemma 5(4), v discharges at
most 34 + 54 + 34 to the fan consisting of T , f1 and f2. Thus, we have τ(v→) 6 4× 1+ 2× 0+ 2× ( 34 + 54 + 34 ) = 192 < 10,
or τ(v →) 6 4× 1+ 2× 0+ 3× 1+ ( 34 + 54 + 34 ) = 394 < 10, or τ(v →) 6 4× 1+ 2× 0+ 6× 1 = 10, according to
t = 2, 1, 0 respectively. In Fig. 3(5) and (6), t 6 1 and there are two (4+, 4+)-fans incidentwith v. According to Remark 1 and
Lemma5(4), τ(v→) 6 4×1+1×0+2×(2× 34 )+( 34+ 54+ 34 ) = 394 < 10, or τ(v→) 6 4×1+1×0+2×(2× 34 )+3×1 = 10.
Lastly, in Fig. 3(7), t = 0 and there are four incident (4+, 4+)-fans at v. Hence, τ(v→) 6 4× 1+ 4× (2× 34 ) = 10.
Let n = 3. In Fig. 3(1), t 6 2. According to Remark 1, τ(v →) 6 3 × 1 + 2 × 0 + (4 × 1 + 2 × 32 ) = 10. In Fig. 3(2),
t 6 2 and there is a (4+, 4+)-fan at v. We have τ(v →) 6 3 × 1 + 1 × 0 + 2 × 34 + (1 + 2 × 34 + 2 × 32 ) = 10, or
τ(v→) 6 3× 1+ 1× 0+ 2× 34 + (4× 1+ 32 ) = 10 according to t = 2, or t 6 1 respectively. In Fig. 3(3), t 6 2. Arguing as
before,wehave τ(v→) 6 3×1+1×0+(2×1+ 34+ 32 )+( 34+ 54+ 34 ) = 10, or τ(v→) 6 3×1+1×0+4×1+( 34+ 54+ 34 ) = 394 ,
or τ(v→) 6 3× 1+ 1× 0+ (1+ 2× 34 )+ (3× 1+ 32 ) = 10 for there is a possible (4+, 4+, 4+)-fan. In Fig. 3(4), t 6 1 and
there are two incident (4+, 4+)-fans at v. Applying Lemma 5(4) and (7) to the fan consisting of four faces at v, v discharges
atmost 154 (more precisely, 1+2× 34+ 54 or 3× 34+ 32 ) to the fan. Thereforewe have τ(v→) 6 3×1+2×(2× 34 )+ 154 = 394 ,
or τ(v→) 6 3×1+4×1+2×(2× 34 ) = 10. In Fig. 3(5), it is easy to see that τ(v→) 6 3×1+2× 34+2×( 34+ 54+ 34 ) = 10,
or τ(v→) 6 3× 1+ 2× 34 + ( 34 + 54 + 34 )+ (1+ 2× 34 ) = 394 , or τ(v→) 6 3× 1+ 2× 34 + 2× (1+ 2× 34 ) = 192 .
Let n = 2. Note that t 6 3. Various situations of some t(t > 2) are illustrated in Fig. 4.
In Fig. 3(1), t 6 3. If t 6 2, by Remark 1, τ(v →) 6 2 × 1 + 1 × 0 + 5 × 1 + 2 × 32 = 10. Assume that t = 3,
see Fig. 4(1). If all T1, T2 and T3 are good, then τ(v →) 6 2 × 1 + 1 × 0 + 4 × 1 + 3 × 54 = 394 . If one of the Ti is
bad, more precisely, Ti is a (3, 7+, 7+)-face by Lemma 5(3), τ(v →) 6 2 × 1 + 1 × 0 + 4 × 1 + 32 + 2 × 54 = 10. If
two of the Ti are bad, τ(v →) 6 2 × 1 + 1 × 0 + 2 × 1 + 2 × 34 + 2 × 32 + 54 = 394 . If all T1, T2 and T3 are bad, by
Lemma 5(4), there are at least two 4+-faces other than the 6+-face with two 2-neighbors of v receive 6 34 from v. That is,
τ(v→) 6 2× 1+ 1× 0+ 2× 1+ 2× 34 + 3× 32 = 10.
In Fig. 3(2), t 6 2, see Fig. 4(2). There is an incident (4+, 4+)-fan at v. If t 6 1, then τ(v→) 6 2×1+2× 34+(5×1+ 32 ) =
10. Assume that t = 2. If T1 and T2 are good, τ(v →) 6 2 × 1 + 2 × 34 + 4 × 1 + 2 × 54 = 10. If one of T1 and T2 is bad,
τ(v→) 6 2×1+2× 34+(2×1+ 32 )+( 34+ 54+ 34 ) = 394 . If both T1 and T2 are bad, τ(v→) 6 2×1+2× 34+2×(1+ 32+ 34 ) = 10.
In Fig. 3(3), t 6 3. If t = 0, τ(v →) 6 2 × 1 + 8 × 1 = 10. If t = 1, by Lemma 5(4) and Remark 3,
τ(v→) 6 2×1+5×1+( 34+ 54+ 34 ) = 394 , or τ(v→) 6 2×1+(1+2× 34 )+(4×1+ 32 ) = 10. If t = 2, see Fig. 4(3.1).Wehave
either τ(v→) 6 2×1+(3×1+ 34+ 32 )+( 34+ 54+ 34 ) = 10, or τ(v→) 6 2×1+(1+2× 34 )+(1+2× 34+2× 32 ) = 10. Lastly,
assume that t = 3, see Fig. 4(3.2). Firstly, note that v discharges atmost 34+ 54+ 34 to the fan containing T1 at v. Thenwe have
τ(v→) 6 2×1+(3× 34+2× 54 )+( 34+ 54+ 34 ) = 192 if T2 and T3 are good; τ(v→) 6 2×1+(1+2× 34+ 54+ 32 )+( 34+ 54+ 34 ) = 10
if only one of T2 and T3 is bad; τ(v→) 6 2× 1+ (2× 34 + 32 + 13 + 32 )+ ( 34 + 54 + 34 ) = 11512 if both T2 and T3 are bad (by
Lemma 5(4) and 5(8), v discharges at most 34 + 32 + 13 + 32 + 34 to the fan containing T2 and T3 at v).
In Fig. 3(4), t 6 2. If t = 0, τ(v →) 6 2 × 1 + 8 × 1 = 10. If t = 1, let T be the incident 3-face of v. If T is good, then
τ(v→) 6 2× 1+ 4× 1+ (1+ 2× 34 + 54 ) = 394 . If T is bad, by Lemma 5(4) and (7), τ(v→) 6 2× 1+ 4× 1+ 154 = 394 .
Assume that t = 2, see Fig. 4(4). If both T1 and T2 are good, τ(v→) 6 2× 1+ 2× (1+ 2× 34 + 54 ) = 192 . If only one of T1
and T2 is bad, τ(v →) 6 2× 1+ (2× 1+ 34 + 32 )+ (1+ 2× 34 + 54 ) = 10. If both T1 and T2 are bad, by Lemma 5(4) and
(7), τ(v→) 6 2× 1+ 2× 154 = 192 .
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Fig. 3. Possible distributions of the adjacent 2-vertices of an 8-vertex v with 2 6 n 6 6.
Fig. 4. Situations of an 8-vertex having two 2-neighbors with t(t > 2) incident 3-faces.
Assume that n = 1. Let u be the unique 2-vertex adjacent to v. Note that t 6 4. If t 6 2, then τ(v →) =
1 + (8 − t) × 1 + t × 32 = 9 + t2 6 10. If t = 4, then u must be on a 3-face. By Lemma 5(3) and (9), the other three
incident 3-faces of v are good. Thus, τ(v→) 6 1+ 4× 34 + 32 + 3× 54 = 374 < 10. Assume that t = 3. If u is on a 3-face, by
Lemma 5(9), the other two 3-faces incident with v are good. So, τ(v→) 6 1+ 5× 1+ 32 + 2× 54 = 10. If u is not on any
3-face, then τ(v→) 6 1+ 3× 1+ 2× 34 + 3× 32 = 10.
Lastly, assume that n = 0. Note that t 6 4. τ(v→) 6 (8− t)× 1+ t × 32 = 8+ t2 6 10. This completes our proof.
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